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Abstract

The validity of a series of approximate solutions of the Bloch—-McConnell equations normally applied in the analyses of
chemically exchanging systems is evaluated, using the electron self-exchange (ESE) in the blue copper protein plastocyanin from
Anabaena variabilis as an example. The evaluation is based on a comparison with the results of a complete analysis of the NMR
signals of chemically exchanging nuclei that allows an independent and accurate determination of all the involved parameters. The
complete analysis is based on the general solution of the Bloch—-McConnell equations. It includes a simultaneous analysis of the
chemical shift, and the transverse and longitudinal relaxation rates of the observed nuclei as well as the variation of these parameters
with the molar fractions of the exchanging species and the rate of the chemical exchange process. The linear prediction model
method was used in the data analysis to achieve the highest possible precision. Surprisingly, it is found that the fast exchange
condition may not be fulfilled even in cases where a single exchange-averaged NMR signal is observed, and the Larmor frequency
and relaxation rates depend linearly on the molar fractions of the exchanging species. In such cases the use of approximate solutions
in the analysis of the transverse relaxation rates and the pseudo-contact shifts can lead to erroneous results. In limiting cases close to
the fast exchange and slow exchange regimes correct values of some of the parameters can be obtained using the second order
approximate solution of the Bloch—-McConnell equations. In contrast, the complete analysis of the NMR signals results in an
accurate determination of the exchange rates and the NMR parameters of the exchanging sites. This, in turn, can provide infor-
mation about the structure and function of a protein undergoing chemically exchange. For the investigated plastocyanin the
complete analysis results in an accurate determination of the paramagnetic enhancement of the nuclear relaxation rates, the
paramagnetic chemical shift, the electron relaxation rate, the electron self-exchange rate, and the distances between the nuclei and
the paramagnetic metal ion, viz. the Cu®>" ion.
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

In quantitative NMR studies of chemically ex-
changing proteins in solution an accurate analysis of the
NMR signals is imperative. This holds inter alia for
paramagnetic metallo-proteins, where valuable infor-
mation about the dynamics, structure, and function of
the proteins can be obtained from an accurate deter-
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mination of the relaxation rates and Larmor frequencies
of the protein nuclei [1-5].

In chemically exchanging systems, the nuclei reside
itinerantly in different conformations that may be
characterized by different NMR parameters. Depending
on the size of the exchange rate and the difference be-
tween corresponding NMR parameters of the exchang-
ing sites, a given nucleus either give rise to a single
exchange-averaged signal, or to separate signals corre-
sponding to the individual conformations. In both cases,
the NMR signals may depend on more than one of the
conformations and can, therefore, provide information
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about all of the involved conformations as well as the
exchange process.

The NMR signals of chemically exchanging systems
are described by the Bloch-McConnell equations [6,7].
If a sufficiently versatile dataset is available, all the rel-
evant NMR parameters of a chemically exchanging
system can be determined simultaneously using the
general solution of these equations. However, because of
limited experimental information approximate solutions
of the Bloch-McConnell equations [8] are often used to
obtain information about systems of biological interest,
the specific form of the equations being dependent on
the system under investigation, the applied experimental
conditions, and the type of data available. In the case of
a limited dataset, approximate solutions of the equa-
tions may be used incorrectly and can, therefore, result
in erroneous estimates of the parameters. This was
clearly emphasized in a recent theoretical study of re-
laxation in the rotating frame of a system outside the
fast exchange limit [9]. Moreover, the available dataset
may be analyzed using non-optimal computational
procedures.

Here we present an evaluation of the approximate
solutions of the Bloch-McConnell equations of a
chemically exchanging system. The evaluation is based
on a comparison with the results of a complete analysis
of the NMR signals of chemically exchanging nuclei that
allows an independent and accurate determination of all
the involved parameters. The complete analysis is based
on the general solution of the Bloch—-McConnell equa-
tions. It includes a simultaneous analysis of the chemical
shift, and the transverse and longitudinal relaxation
rates of the observed nuclei as well as the variation of
these parameters with the molar fractions of the ex-
changing species and the rate of the chemical exchange
process. The specific protein under investigation is the
blue copper protein, plastocyanin from Anabaena vari-
abilis (A.v. PCu). In partly oxidized blue copper proteins
an electron self-exchange (ESE) causes the nuclei to
exchange between two forms characterized by different
NMR parameters, i.e., the reduced, diamagnetic form
and the oxidized, paramagnetic form.

2. Experimental
2.1. Sample preparation

A sample of plastocyanin (PCu) from the blue green
bacteria Anabaena variabilis (A.v.), prepared and puri-
fied as described previously [10], was supplied by Prof.
Jens Ulstrup, the Technical University of Denmark. The
protein was dissolved in 99.9% D,O at pH 6.9-7.1
(meter reading). The partly oxidized samples were pre-
pared by mixing the appropriate amounts of the reduced
and the oxidized form of A.v. PCu. The protein con-

centrations of the samples used in the NMR experiments
were 0.08, 0.47, 0.53, 0.95, and 1.89 mM, respectively,
and the molar fraction, f,, of oxidized 4.v. PCu was in
the range from 0.00 to 0.92. All samples contained
50 mM NaClL

2.2. Determination of the molar fraction of the oxidized
species

The fraction, f,, of oxidized 4.v. PCu was estimated
from the longitudinal relaxation rates of nuclei that
fulfill the fast exchange condition (Rjp < keseC), as de-
scribed previously [3]. Here Rj, is the paramagnetic
longitudinal relaxation enhancement, k. is the second
order rate constant for the ESE process, and ¢ is the
total concentration of the protein. The molar fraction,
fp, of oxidized A.v. PCu was determined with an abso-
lute uncertainty of 0.002-0.02 using this approach. The
rates were normalized using a freshly prepared 5% oxi-
dized sample in which the degree of oxidation was de-
termined optically, using the strong absorbance at
597 nm of the oxidized form.

2.3. NMR experiments

Non-selective, one-dimensional inversion recovery R|
experiments were carried out at 298.2K and a 'H fre-
quency of 500 MHz, using a Varian Unity Inova 500
spectrometer. The 'H carrier was placed on the HDO
resonance located at 4.77 ppm relative to TMS at 298.2
K [11]. The number of data points in the spectra was
32768 and the sweep width was 9000 Hz in the non-
selective inversion recovery R; experiments. Eleven re-
laxation delays, 7, in the range from 10 ms to 8.00s were
used in these experiments.

2.4. Data analysis using the linear prediction model
method

The experimental data were analyzed using the linear
prediction model method [12] as described previously
[12,13]. The first step of this method is a fast linear
prediction (FLP) analysis [14] of the individual FIDs
corresponding to the different 7 delays in the R; exper-
iments. This analysis provides the number of signals in
the spectra together with estimates of the four spectral
parameters of each of the predicted signals, that is, the
intensity, /(t), the frequency, v, the linewidth, Av, ,, and
the phase, ¢. Also the analysis gives the uncertainties of
the parameters and their mutual correlations.

The number of signals found by the FLP calculations
may differ from one FID to another in an inversion re-
covery experiment, or the spectral parameters of the
predicted signals may be heavily correlated because of
severe overlap. Consequently, the estimated parameters
of closely spaced signals are often distributed in an
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unpredictable way among the signals. Therefore, a direct
fit of the model to the obtained parameters is difficult and
may lead to erroneous results for closely spaced signals.

The linear prediction model method alleviates this
problem by creating a set of auxiliary FIDs from the
spectral parameters obtained by the FLP analysis. Thus,
for each experimental FID an auxiliary FID is created
corresponding to the specific spectral region of interest.
This approach ensures that the information contained in
the auxiliary FIDs is exactly the same as in the original
experimental data that describes the spectral region.
Subsequently, the particular model describing the data is
fitted simultaneously to the complete set of auxiliary
FIDs to obtain the relevant parameters.

3. Theory

A simple, general system, where a nucleus exchanges
between two distinct magnetic environments, 4 and B,
with different chemical shift and different relaxation
rates of the nucleus, is considered, that is

AL p (1)
ks

where k, and kp are the exchange rates out of site 4 and
B, respectively.

3.1. The longitudinal magnetization

After a pertubation, and under the free-precession
Hamiltonian, the macroscopic Bloch-McConnell equa-
tions describing the time dependence of the longitudinal
magnetization in the presence of chemical exchange can
be written as [7]

MZ,A - RI,A (M:Z ) kA z,4 + kBMzB7 (2)

MZ,B =Ry p(M>y — M.p) — kpM. 5 + kyM. 4. (3)

Here M.; is the time derivative of the longitudinal
magnetization M. ; in site j, where j = 4, B, while M7}
is the corresponding equilibrium long1tud1nal magne-
tization, and R;; is the corresponding longitudinal
relaxation rate in the absence of exchange. The gen-
eral solution of Egs. (2) and (3) takes the form
[7,15,16]:

M. 4(z) = A" + Ape™ + M, (4)
M. 5(1) = A3e"" + Age™" + M3, (5)
where

b= 1/2{ — (ki + kip) + \/(km — kig)” + 4k,4k3}, (6)

Jp = 1/2{ — (kig + kig) — \/(klA — kig)” + 4kAkB}; (7)

Ay = {(Aa + k) (M2 — M2,

— k(M2 — 1\42013)}/(;,1 — ), (8)
Ay = {= (A1 + kua) (M5, — M)

+ k(M35 —M;{B»/(zl —ha), )
Ay = {—ka (M5 = M?,) — (21 + kua)

X (M5 — M2p)}/ (2 = 2a), (10)

Ay = {ky (M5, — ML) + (22 + ki)

X (MZO,?;_MBB)}/(M — ) (11)
and
ki = Riq + ky,
kg = Ry p + kg.

In Egs. (8)—(11), M0 denotes the initial longitudinal
magnetization, M. ;(t ) for = 0. It should be noted that
the time dependences of the magnetizations are in gen-
eral bi-exponential. In practice, it is not possible to
separate the two eigenvalues 4, and A, from a single bi-
exponential recovery [16] when 4,/1; < 5, [16] because of
the non-orthogonal character of the two exponential
functions, e”* and e**. Therefore, approximations must
be made, or more informative experiments must be ap-
plied as demonstrated previously for the analysis of the
longitudinal magnetization [16], and here in the form of
a simultaneous analysis of the time dependences of the
longitudinal and transverse magnetizations and the
chemical shifts. Also, to ensure the retrieval of maxi-
mum information from the experimental data, sophis-
ticated fitting procedures can be applied, such as the
linear prediction model method used in the analysis
here.

3.2. The transverse magnetization

The macroscopic Bloch—-McConnell equations de-
scribing the time dependence of the transverse magne-
tization in the presence of chemical exchange take the
form [15]:

Mxy,A - _(RZ,A - iwA )Mxy,A - kAMxy,A + kBMxy,By (12)

M\fy,B = _(RZ,B - le) xy,B kBMx}B + kA xy,A (13)

in the absence of the rf-field. Here M, is the time de-
rivative of the transverse magnetization M,,; in site j,
where j=A4,B, while R,; and ; denote the corre-
sponding transverse relaxation rate of the macroscopic
magnetic moment, and the Larmor frequency, respec-
tively, in the absence of exchange. Egs. (12) and (13) are
equivalent to Egs. (2) and (3) if the following substitu-
tions are made: M} — 0 and Ry; — R,; — iw;. There-
fore, the general solution of Egs. (12) and (13) can be
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found by substituting M +— 0 and R, ;— R,; — iw; in the
solution of the 10ng1tud1na1 magnetizations, that is

MryAA (t) = @leﬂlt + @26192t7 (14)

M, 5(1) = Oe"" + O4e™, 15
Yy

where

I 1/2{ — (koa + kag)

-\ ko — o) + 4kAkB}, (16)

Yy = 1/2{ — (kou + kap)

— s — o) + 4kAkB}, (17)
01 = { = (2 k)M, + kbl } /(91 = 02), (18)
02 = {( + k)M, — kaMl } /01 = 02). (19)
03 = {kadl, + (91 + ko) M } /(= 0),(20)
s = { — kMl — (02— k)M, } /(01 = 02)  (21)
and

koy = Ry — 104 + ky,

kZB = RZ,B — in =+ kB.

Furthermore, My, ; is the initial transverse magnetiza-
tions of site j, j = A4, B. If an inversion recovery experi-
ment is performed, as in this study, Mf} ; is given by
M. (1), where 7 is the relaxation delay of the experiment.

It should be noted that both the eigenvalues, ¥J; and
1, and the constants, @, ©,, @3, and @4, are complex
numbers. The real parts of ¥; and ¥, correspond to the
transverse relaxation rates, while the imaginary parts are
the Larmor frequencies. Because of the chemical ex-
change process, magnetization will be transferred be-
tween the two sites 4 and B during the free induction
decay (FID). As shown in Egs. (14) and (15), the time
dependence of M,, ;(t) is bi-exponential. However, the
FID is given by the equation

FID(I) _ @leﬂlt + @26192[ _|_ @361911 + @4el9zt7 (22)
= (01 + 03)e"" + (0, + O4)e”™, (23)

which by Fourier transformation results in two Lo-
rentzian-line-shape signals corresponding to the two
terms (@) + O3)e” and (O, + O4)e”". Thus, the inten-
sity, the Larmor frequency, the transverse relaxation
rate, and the phase of the two signals are given by
|@) + O3], and |@, + O4); I(V)), and I(V2); —R(),
and —R(Y,); and arctan(3(O; + O3)/R(O, + 63)), and

arctan(3(0; + O4)/R(O, + O4)), respectively. Here
R(z) and 3(z) denote the real and the imaginary parts of
the complex number z, respectively. However, none of
the two signals corresponds exclusively to any of the two
exchanging sites, but contain information about both
sites and about the exchange rate. As detailed below,
this entanglement of the information can give rise to
systematic errors in the data analysis, unless it is taken
into account.

3.3. Intensity and phase distortions

As shown by Eq. (23), the amplitudes of the two
signals 4 and B are given by @ + @3 and @, + O,.
From Egs. (18)—(21) it is seen that, in general, the in-
tensities of the two signals are not proportional to the
molar fractions of the two sites. This discrepancy is most
pronounced close to the intermediate exchange regime,
k4 +kp < |Rou — Rop —i(w, — wp)|, Where two separate
signals are observed, although with severe intensity
distortions. Furthermore, the amplitudes of the two
signals are complex numbers and will, in general, have
different phases. However, if separate signals are ob-
served and the slow exchange condition applies, the in-
tensities are to a good approximation proportional to
the molar fractions, and phase distortion is absent.

3.4. Implementation of the scalar spin—spin coupling

So far scalar spin—spin coupling has been neglected.
In the case of weak coupling, the equations derived
above can easily be extended to include spin—spin cou-
pling, if the coupling is the same in the two environ-
ments. In this case, the evolution of the transverse
magnetization of each tramsition in the multiplet is
identical to that described above for an uncoupled signal
[17]. Thus, for the same scalar coupling constant, J, in
the two sites, and a spin multiplicity of n, the FID takes
the form

FID(z) = ((@1 + O3)e el 1 + (0, + @4)6’021) cos™ D

(24)
since cosz = (1/2)(e” +e~). The Bloch-McConnell
equations do not apply for the exchange of strongly

coupled spins, where a more general density matrix de-
scription must be used [18].

4. Results and discussion
4.1. Electron self-exchange in A.v. plastocyanin
Plastocyanin from Anabaena variabilis and its elec-

tron self-exchange (ESE) were employed to illustrate the
implications of using approximate solutions of the



D. Flemming Hansen, J.J. Led | Journal of Magnetic Resonance 163 (2003) 215-227 219

Bloch—-McConnell equations in the analysis of chemi-
cally exchanging systems. During the ESE process, the
nuclei exchange between two distinct magnetic envi-
ronments, the diamagnetic in reduced plastocyanin (A.v.
PCu(I)) and the paramagnetic in oxidized plastocyanin
(A.v. PCu(Il)), that is

Spkesec
PCu(I) f\ PCu(I), (25)
dReseC

fp and f4 being the molar fractions of the paramagnetic
and the diamagnetic species, respectively. Here f,kesec
and fykeec correspond to k, and kg, respectively, in Eq.
(1). Furthermore, the longitudinal and the transverse
relaxation rates, and the Larmor frequency in the two
environments are R4, Ry, W4, and Ryq + Rip, Rag + Rap,
w4 + w,, respectively, where R, and R, are the para-
magnetic relaxation enhancements and w, is the para-
magnetic shift, i.e., the Fermi contact shift and/or the
pseudo-contact shift. Both the diamagnetic relaxation
and the inhomogeneity line broadening are included in
Ry4, allowing reliable paramagnetic relaxation enhance-
ments to be obtained from the observed linewidths.

The K20 H* and the V41 H" signals from A.v. PCu
were chosen for the complete analysis. These signals are
both well-resolved in the one-dimensional 'H spectrum,
as shown in Fig. 1. The size of the pseudo-contact shift
of V41 H"' at the applied magnetic field strength, and
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Fig. 1. Regions of the 500 MHz 1D 'H NMR spectrum of 4.v. PCu: (a)
the aromatic region showing the position of the K20 H* and H39 H”*
resonances; (b) the aliphatic region showing the position of the V41
H" and V41 H” resonances. The molar fraction, f;,, of the oxidized
species was 0.094 and the protein concentration was 0.95 mM.

the rate of the ESE process result in a single exchange-
averaged signal at the higher protein concentrations,
while two separate signals are observed at the lower
concentrations. Therefore, not only does the V41 H"
resonance illustrate many of the properties of a chemi-
cally exchanging system in a clear way. Also, the in-
formation that can be obtained from the signal is
sufficiently versatile for a complete analysis using the
general solution of the Bloch-McConnell equations. In
the case of K20 H", the size of the pseudo-contact shift
at the applied magnetic field strength and the rate of the
ESE process result in a single exchange-averaged signal
at all the applied concentrations. Still, the information
that can be obtained from the signal is sufficiently ver-
satile for a complete analysis, allowing a reliable esti-
mation of all the involved parameters. Below it is
indicated briefly how the information necessary for the
complete analysis can be obtained by varying the ratio
of the exchanging species and the exchange rate. Fur-
thermore, it is shown how all the involved parameters
can be estimated from a complete analysis of the data,
using the general Bloch—McConnell equations.

4.2. Variation of the K20 H* and V41H"' signals with the
molar fractions of the two sites

In Fig. 2, single exchange-averaged signals of K20 H*
and V41 H"', respectively, are shown for different molar
fractions, f,, of the oxidized species and a constant
protein concentration. The series of spectra reveals that
the K20 H” signal moves downfield, while the V41 H"'
signal moves upfield with increasing f, fractions, re-
flecting opposite signs of the pseudo-contact shift of the
two nuclei in the oxidized form. At the applied protein
concentration, single exchange-averaged signals are ob-
served in all cases, i.e., the Larmor frequency of the
observed signals is to a first order of approximation
given by a weighted average of the frequencies of the
two sites (see discussion below). Furthermore, as the
fraction of the oxidized species is increased, the line-
width of the resonances increases because of the ex-
change process, the pseudo-contact shift, and the larger
transverse relaxation rate in the oxidized species caused
by the paramagnetic relaxation enhancement. Conse-
quently, the obtained spectra depend on most of the
involved parameters.

4.3. Variation of the V41 H"' signal with the ESE rate

Additional, independent information about the
NMR parameters is obtained from the variation of the
resonances with the ESE rate, ke.c. Thus, by decreasing
the protein concentration and thereby lowering the ESE
rate, an extra V41 H"' signal appears approximately
65 Hz upfield from the original signal, as shown in Fig.
3. The new signal is the paramagnetic shifted signal of



220 D. Flemming Hansen, J.J. Led | Journal of Magnetic Resonance 163 (2003) 215-227

J J
——

A

/
f
0.000 g -
0.073,,

\
o
ARAAAN 0.000
0073 — e
0.11 \ v
27 UV WA o111, - \\\ \\ .y
- TS
0% / 0‘1604"’/// \\\’\/\«A;:N
s
0.185 B 1 P~ e
AN M A~ + 1O pn
. " e o1 T
5.65 1H ppm 5.50 —0.15 1H ppm —0.30

Fig. 2. The resonances of (a) K20 H* and (b) V41 H"' in A.v. PCu recorded at 500 MHz. The protein concentration was 1.89 mM, while the molar
fraction, f;, of the oxidized species was varied as shown to the left in the two figures. A line broadening caused by the electron self-exchange, the Ry,
relaxation, and the pseudo-contact shift is clearly observed. The triplet splitting observed for K20 H* at f;, = 0 is caused by the scalar spin—spin
coupling between the H* proton and the H? protons. The doublet splitting observed for V41 H"! is caused by the scalar spin—spin coupling between
the H" protons and the H? proton.

—0.15 IH ppm
Fig. 3. The resonances of V41 H" in A.v. PCu recorded at 500 MHz,
for different molar fractions, f,, of the oxidized species and different
protein concentrations. (a) fp, = 0.19 and ¢ = 1.89mM; (b) f, = 0.16
and ¢ =0.95mM; (c) f, = 0.37 and ¢ = 0.53 mM; (d) f, = 0.80 and
¢ =0.08 mM. Two separate signals appear when the concentration is
decreased. The noiseless signals were obtained by Fourier transfor-
mation of simulated FIDs consisting of 256 complex points. The
simulated FIDs were generated from the general solution, Eq. (24),
using the parameters listed in Table 2.

V41 H", as suggested by a fit of the simplest approxi-
mation, v = vq + fpVp, to the variation of the frequency
with f, at the highest protein concentration (Fig. 2), and
by the g-tensor components of spinach plastocyanin
[19]. This was definitively confirmed by the observation
of a correlation between the two signals in the TOCSY
spectrum. The fit gives a pseudo-contact shift of
—35.5 £ 0.9 Hz, while the g-tensor components together
with the position of V41 H"! in the principal coordinate
system of the g-tensor predict a pseudo-contact shift of
—87Hz, assuming an axial symmetric g-tensor with the
principal axis aligned along the Cu(I1)-M97 S° bond.

4.4. The complete analysis

The data analysis was based on the one-dimensional,
non-selective R experiments listed in Table 1. The ex-
periments were recorded on samples with different pro-
tein concentrations, ¢, and different oxidation degree, f,.
The linear prediction model method was used for the
analysis, as described in Section 2. However, it should be
emphasized that any computational approach that can
extract the spectral parameters from the experimental
data in a reliable way can be used.

The total set of auxiliary FIDs derived from the R;
experiments was analyzed simultancously, using the
general solution of the Bloch—-McConnell equations, Eq.
(24). Thus the paramagnetic relaxation enhancements,
Ri, and Rjp, and the pseudo-contact shift, wy,, for the
K20 H* proton and the V41 H"' protons were estimated
from the 11 x 22 and 11 x 27 FIDs, respectively, to-
gether with the ks rate constant. In addition, an initial
magnetization, Mz0 , an equilibrium magnetization, M>°,
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Table 1
Experiments and A4.v. PCu samples used in the complete analysis®
Conc. (mM) P
Exp. 1 1.89 0.07
Exp. 2 1.89 0.11
Exp. 3 1.89 0.16
Exp. 4 1.89 0.19
Exp. 5 0.95 0.01
Exp. 6 0.95 0.05
Exp. 7 0.95 0.09
Exp. 8 0.95 0.12
Exp. 9 0.95 0.16
Exp. 10 0.53 0.09
Exp. 11 0.53 0.10
Exp. 12 0.53 0.23
Exp. 13 0.53 0.36
Exp. 14 0.53 0.50
Exp. 15 0.53 0.62
Exp. 16 0.47 0.01
Exp. 17 0.47 0.04
Exp. 18 0.47 0.08
Exp. 19 0.47 0.10
Exp. 20 0.47 0.18
Exp. 21 0.48 0.19
Exp. 22 0.49 0.25
Exp. 23¢ 0.08 0.08
Exp. 24¢ 0.08 0.28
Exp. 25¢ 0.08 0.80
Exp. 26° 0.08 0.75
Exp. 27¢ 0.08 0.92

#Using the general solution of the Bloch-McConnell equations, Eq.
(24).

®The fractions of the oxidized species of A.v. PCu.

“Not used in the complete analysis of K20 H* because of overlap in
the spectrum.

and a phase, ¢, were estimated for each of the R ex-
periments. Furthermore, the relaxation rates, Rjq4 and
Ry4, and the chemical shift of the diamagnetic site were
estimated at all the applied concentrations, resulting in a
total of 83 (K20 H*) and 101 (V41 H"') parameters es-
timated in the analysis. The initial transverse magneti-
in Eq. (24) (and Egs. (18)-(21)) was

(11), assuming an ideal 90° exitation pulse, that is,
M)gvﬂj:Mz ;(1). Because of the chemical equilibrium

between the oxidized and reduced A4.v. PCu, the fol-
lowing relations apply and were used:

M7, = oM Mg = faM™, (27)

where M) and M, are the initial, longitudinal magne-
tizations of the paramagnetic and diamagnetic sites,
respectively, while M7} and M7 are the corresponding
equilibrium magnetizations, and M” and M are the
total initial and equilibrium longitudinal magnetiza-
tions, respectively. The parameters describing the para-
magnetic site and the exchange rate constant, that were
obtained in the complete analysis, are shown in Table 2.
The uncertainties given in Table 2 are those obtained in
the least-squares fit. The absolute uncertainties (0.002—
0.02) of the experimental f, fractions were neglected
in the data analysis. Therefore, the true uncertainties of
the parameters are slightly larger than those shown in
Table 2.

4.5. The reliability of the parameters obtained in the
complete analysis

Spectra that are simulated from the estimated pa-
rameters using Eq. (24), are in good agreement with the
experimental spectra, as shown in Figs. 3 and 4. Thus,
the estimated parameters and the general solution of the
Bloch—McConnell equations account well for the ex-
perimental spectra. Further support of the reliability of
the estimated parameters is provided by the consisten-
cies of the electron self-exchange rates, ke, obtained
from the two signals, V41 H" and K20 H%, and by the
electron relaxation rate, and the physically meaningful
Cu**-V41 H" and Cu**-K20 H* distances that can be
derived from the obtained R, and R, rate constants, as
discussed below.

4.6. Information on A.v. plastocyanin from the complete
analysis

The electron relaxation rate and the distance between
the nuclei and the paramagnetic metal ion can be de-
termined from the R;p, and Ry, rate constants. This
holds, if both relaxation rates are pure dipolar, and if
the observed differences in relaxation rates between the
reduced and the oxidized protein are caused only by the
paramagnetic enhancement. The Curie spin relaxation
can be neglected in blue copper proteins because of the

0 0 0 0 . .
M, = foM;, M. = fiM;, (26) slow electron relaxation rate [20,21]. Thus, assuming
Table 2
Parameters obtained in the complete analysis®

Rlp (Sil) RZp (571) Vp (Hz) keese (qu 571)

K20 H* 1.75+£0.10 2.77+0.32 23.59 £ 0.54 2145+55

V41 H" 18.77 £ 0.22 37.9+09 —64.82 +£0.18 2224425

# A least-squares analysis using the general solution of the Bloch-McConnell equations, Eq. (24). The analysis included a simultaneous fit to
11 x 22 auxiliary FIDs of the K20 H” signal and 11 x 27 auxiliary FIDs of the V41 H"' signals of 4.v. PCu, as described in Section 2. The ex-

periments used in the least-squares analysis are listed in Table 1.
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5.45 'H ppm

Fig. 4. The resonance of K20 H* in A.v. PCu recorded at 500 MHz.
The molar fraction, f},, of the oxidized species was 0.50 and the con-
centration of the protein was 0.54 mM. (a) Comparison of the exper-
imental spectrum of K20 H* and a simulated spectrum (noiseless
signal). The simulated spectrum was obtained by Fourier transfor-
mation of a simulated FID consisting of 256 complex points and the
simulated FID was generated from the general solution, Eq. (24), using
the parameters obtained in the least-squares analysis, listed in Table 2.
In (b) is shown how the simulated spectrum in (a) is composed of two
signals. Here (———) correspond to the term (@ + @3)e” and (- - —)
corresponds to the term (@3 + O4)e” of Eq. (24). It is noted that the
two subpeaks have different phases.

that the point dipole approximation applies, electron
relaxation rates of 3.8 4 1.0 x 10° and 2.6 +0.2 x 10°
s~! were calculated from the paramagnetic relaxation
enhancements of K20 H* and V41 H", respectively.
More specifically, the effective correlation time was
calculated from the ratio of the two paramagnetic re-
laxation enhancements in Table 2, using the Solomon
equations for pure dipolar relaxation [22].

Ry 7.2 5,

Rlp - 6 + 3 wlrc,l . (28)
Here w; is the Larmor frequency of the nucleus and 7,
is the effective correlation time corresponding to
7.1 = Ric + 13", where Ry, is the longitudinal relaxation
rate of the unpaired electron and 7R the rotational cor-
relation time of the protein. Furthermore, a Cu’™-K20
H* distance of 13.74+0.2 A (14.7 A) and a Cu*™-V4l1
H" distance of 9.25+0.02 A (8.95 A) were obtained
from the paramagnetic relaxation enhancements in Ta-
ble 2. The distances were calculated from either one of
the two individual relaxation enhancements, using the
corresponding Solomon equation. The distances in the
brackets are those measured in the NMR solution
structure of the protein [3].

The electron relaxation rates obtained here deviate by
more than the experimental errors from the electron
relaxation rate, 5.8 +£0.5 x 10°s~! found previously for
A.v. PCu(Il), using the field dependence of the R, rates
[2]. The deviation is most pronounced for the V41 H"
protons, and may reflect the mobility of the side chain of
V41. A mobility of the side chain on the millisecond time
scale will increase the effective transverse relaxation rate
of the V41 H" protons. Since this contribution to the

relaxation is not included in the applied model for the
Ry, relaxation, it results in an apparent increase of the
calculated R,, rate, and thereby in an underestimation
of the electron relaxation rate when calculated from the
Rip, and Ry, relaxation rates obtained here using Eq.
(28). The electron relaxation rate obtained from the
paramagnetic relaxation enhancements of K20 H* is in
better agreement with the value obtained previously [2].
This indicates that the millisecond—microsecond time
scale motion of K20 H” is less pronounced than the
motion of V41 H"', in accordance with the location of
K20 H* in the backbone of the protein. Still, the mo-
bility of K20 H" is in agreement with recent model-free
relaxation studies of the backbone dynamics of the
protein [23], which indicate a millisecond—microsecond
time scale motion of the adjacent backbone K20 N
nucleus.

All taken together, the estimation of an electron re-
laxation rate using Eq. (28) that is too small suggests a
millisecond—microsecond time scale motion of both the
V41 side chain and the K20 H* proton. However, the
results here do not indicate whether this flexibility is
unique for the oxidized form of the protein, since a
similar flexibility in the reduced form will have only little
influence on the relaxation rates because of the missing
paramagnetic interaction with the metal ion.

4.7. The approximate solutions of the Bloch—McConnell
equations; the fast exchange condition

As shown by Eqs. (14) and (15), the evolution of the
transverse magnetization is given by the transverse re-
laxation rate and the Larmor frequency. If the pseudo-
first order exchange rate, kec, is large compared with the
paramagnetic shift, w,,, and the difference in transverse
relaxation rate, Ry,, only a single exchange-averaged
NMR signal is observed at an intermediate frequency.
More specifically, this so-called fast exchange condition
is fulfilled when the following inequality applies [8]:
keseC > |Ryp — 1. (29)
In the fast exchange regime, the amplitude of the ex-
ponential terms in Egs. (14) and (15) that involves 9, is
negligible, i.e., |©;+ @3> |0, + O4]. This can be
concluded from the general solution, Eq. (24), where the
ratio of the two amplitudes, @ + @3 and O, + Oy, is
given by

0, + 06y - M)?y:d (fpx +fdfpx2) - M’?yp(f;jx _fdfpx2)
01+ 05 M) (1 — fax + fafpx?) + MD, (1 + fox + fafpx?)
(30)
and
N Rzp — iwp
N kesec
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assuming that the fast exchange condition applies. From
Eq. (30) it is clear that |@; + @3] > |@, + @] under the
fast exchange condition where |x| < 1. This results in
the observation of a single exchange-averaged signal in
the spectrum instead of two separate signals. The Lar-
mor frequency and the transverse relaxation rate of the
exchange-averaged signal are to a second order of ap-
proximation given by

Ry = —R(%)

~ Rog + fyRsp —% (R —w2)+- 6D
o = 3(Y)

~ w4 + frop, — Wwp&p + e (32)

Normally, it is assumed that the fast exchange condi-
tion, Eq. (29), is fulfilled if a single exchange-averaged
signal is observed. However, if the transverse relaxation
rate in one of the two sites is sufficiently high, one of the
signals may be broadened beyond detection and only
one signal is observed, even though the fast exchange
condition is not fulfilled. Also, if the populations in the
two sites are very different only one signal is observed,
irrespective of the lack of fulfillment of the fast exchange
condition. In the present study, it is primarily the first
mentioned condition that applies.

In Fig. 3, a single exchange-averaged signal is ob-
served for V41 H" at A.v. PCu concentrations of 1.89
and 0.95mM, i.e., apparently the resonance is in the fast
exchange regime where the approximate expressions,
Egs. (31) and (32), apply. However, the plots in Figs. 5
and 6 based on the parameters obtained in the complete
analysis clearly show that these approximate solutions
are not valid, even at the highest concentration. In the
same way, a single exchange-averaged signal is observed
for K20 H* at A.v. PCu concentrations of 1.89, 0.95, and
0.54 mM, as shown in Figs. 1, 2, and 4, while the plots in
Fig. 7, that are based on the parameters obtained in the
complete analysis, clearly reveal that the approximate
solutions are not valid. Nevertheless, if the simplest
approximate solutions of the Bloch—-McConnell equa-
tions for the fast exchange case, i.e., Ry = Raq + fpRop
and v = vq + f,Vp, are used to analyze the paramagnetic
line broadenings and frequency shifts shown in Figs. 5-
7, excellent fits are obtained. However, the apparent
pseudo-contact shifts, v,, and paramagnetic transverse
relaxation enhancements, Ry, that are derived (Table 3),
deviate substantially from the corresponding values
obtained in the complete analysis, Table 2. Moreover,
the deviations increase as the concentration decreases.
Therefore, none of the two resonances V41 H"' and K20
H? are in the fast exchange regime, even though single
exchange-averaged signals are observed. Consequently,
erroneous results are obtained if the simplest approxi-
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Fig. 5. The observed line broadening of the exchange-averaged signal
of V41 H" in A.v. PCu recorded at 500 MHz and two different protein
concentrations: (a) ¢ = 1.89mM, (b) ¢ = 0.95mM and with different
molar fractions, f,, of the oxidized species. The full-drawn lines cor-
respond to the least-squares fit of the general solution, i.e., the real
part, R(¥), of Eq. (16). The dashed line corresponds to the approx-
imate solution, Eq. (31), and was calculated using the parameters
obtained in the complete analysis by the least-squares fit of the general
solution. The deviation between the two curves clearly shows that the
approximate solution does not apply even though a single exchange-
averaged signal is observed in the spectra (Figs. 2 and 3a, b) and the
linewidth of the signal depends linearly on fp,.

mate solution is used in the data analysis despite the fact
that it might fit the data, as demonstrated here. For K20
H? a simultaneous fit of the second order approxima-
tions, Egs. (31) and (32), is possible and results in
vp =224+ 3.9Hz, kee =216 +28mM, and Ry, = —25+
20 s~!. Here, the pseudo-contact shift, vp, and the elec-
tron self-exchange rate constant are in good agreement
with the parameters obtained in the complete analysis,
Table 3. However a non-physical R, rate is obtained. In
the case of V41 H" the second order approximation
cannot be fitted to the experimental data in Figs. 5 and
6, since the signal is too far from the fast exchange re-
gime. Therefore, no information about the exchange
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Fig. 6. The observed frequency shift of the exchange-averaged signal of
V41 H" in A.v. PCu recorded at 500 MHz and two different protein
concentrations: (a) ¢ = 1.89mM, (b) ¢ = 0.95mM and with different
molar fractions, f,, of the oxidized species. The full-drawn line cor-
responds to the least-squares fit of the general solution, i.e., the
imaginary part, 3(¢;), of Eq. (16). The dashed line corresponds to the
approximated solution, Eq. (32). The deviation between the two curves
clearly shows that the approximated solution does not apply, even
though a single exchange-averaged signal is observed in the spectra
(Figs. 2 and 3) and the frequency shift depends linearly on f,.

rate constant ke can be obtained from the V41 H™
signal, using the two highest concentrations and the
approximate solution, even though the experimental
data clearly depend on Aee.

4.8. The approximate solutions of the Bloch—McConnell
equations, the slow exchange condition

If the pseudo-first order exchange rate, kesc, is small
compared with the paramagnetic shift, o, and the dif-
ference in transverse relaxation rate, Ry,, two separate
NMR signals are observed in the spectrum. This so-
called slow exchange condition is fulfilled when the
following inequality applies [8]:

keseC < |Ryp — 10y (33)
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5.0 T T T
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Fig. 7. The observed frequency shift of the exchange-averaged signal of
K20 H* in A.v. PCu recorded at 500 MHz and two different protein
concentrations: (a) ¢ = 1.89mM, (b) ¢ = 0.95mM and with different
molar fractions, f,, of the oxidized species. The full-drawn line cor-
responds to the least-squares fit of the general solution, i.e., the
imaginary part, 3(¢;), of Eq. (16). The dashed line corresponds to the
approximated solution, Eq. (32). The deviation between the two curves
clearly shows that the approximated solution does not apply, even
though a single exchange-averaged signal is observed in the spectra
(Fig. 2) and the frequency shift depends linearly on f},.

The transverse relaxation rate and the Larmor fre-
quency of the signal, which approach those of the dia-
magnetic signal for ke.c — 0, is to a second order of
approximation given by

Ry = —R(V)
Jofaki.*Ry
~ R2d +fpkesec - w e (34)
k2‘ 2
wzg(qgl):wd+w+.... (35)

2 2
R2p + o

Similar equations hold for the signal, which approaches
the paramagnetic signal for ke.c — 0.

For V41 H™ two separate signals are observed at
the lowest protein concentrations. Consequently, the
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Table 3
Parameters obtained using the Bloch-McConnell equations
Nucleus Method kese MM 's71) Ry, (s7h) v, (Hz)
K20 H* Complete* 2145+ 5.5 2.8+0.3 23.6£0.5
Fast exch.b¢ — 1443 20.14+0.4
Fast exch.bd — 1842 1794+ 0.4
Fast exch.® 216 +28 —-25420 224+39
V41 H" Complete* 2224425 37.9+0.9 —64.82 +£0.18
Fast exch.>® — 64+ 4 -355+0.9
Fast exch.bd — 5244 —1224+14
Slow exch.! 220 + 27 194 + 160 —-55+16
V41 H” Slow exch.? 220.4+ 8.9 — —
H39 H* Slow exch.& 246 + 17 — —

?The general solution Eq. (24) was used, see Table 2.

®The fast exchange condition was assumed and the simplest approximate solutions were used, i.e., Ry = Raq + JSoRap and v = vq + fpvp (v = 0/2m),

see Figs. 5-7.

€Only data obtained at a protein concentration of 1.89 mM were used.
4Only data obtained at a protein concentration of 0.95mM were used.

¢ A simultaneous least-squares fit of Eqs. (31) and (32) to the line broadenings and frequency shifts obtained at protein concentrations of 1.89 and

0.95mM.

A simultaneous least-squares fit of Eqs. (34) and (35) to the line broadenings and frequency shifts obtained at protein concentrations of 0.95, 0.54,

0.47, and 0.08 mM, see Fig. 8.

€The slow exchange condition was assumed and the simplest approximate solutions were used, i.e., Ry = Rag + fpkesec, see Figs. 9 and 10.

nucleus is close to the slow exchange regime and, ac-
cording to Eqgs. (34) and (35), information about the ex-
change rate, ke, the pseudo-contact shift, wp, and the
paramagnetic relaxation enhancement, R,, can, in
principle, be obtained from the line broadening and the
frequency shifts of only one of the signals, using these
equations. In Fig. 8 is shown a simultaneous least-squares
fit of Egs. (34) and (35) to the line broadening and fre-
quency shifts of the V41 H"' signal obtained at four dif-
ferent protein concentrations, 0.95, 0.54, 0.47, and
0.08 mM. The results are given in Table 3. The obtained

Line Broadening /Hz

Fig. 8. The observed line broadening of the exchange-averaged signal
of V41 H" in A.v. PCu recorded at 500 MHz and at different protein
concentrations: ((J) ¢ = 0.95mM, (O) ¢ = 0.54mM, (@) ¢ = 0.47mM,
and (A) ¢ = 0.08 mM. The full-drawn line corresponds to a simulta-
neous least-squares fit of the approximate solutions, Eq. (34) and (35),
to the observed line broadening and frequency shift. The parameters
obtained in the least-squares fit are ke = 220427 mM 1,
Ryp =194 £ 160 s7!, and v, = —55 £ 16 Hz.

electron self-exchange rate, kese =220+ 27mM s,
and the pseudo-contact shift, v, = =55+ 16 Hz, are in
good agreement with the results derived in the complete
analysis, Table 2. However, also in this case the para-
magnetic relaxation enhancement remains practically
undetermined (R, = 194 £ 160s~! versus 37.9 & 0.9s™!
in the complete analysis).

If the line broadening depends linearly on cf,, the
observed relaxation rate, R,, is independent of the
pseudo-contact shift and the paramagnetic relaxa-
tion enhancement, and no information about these

30 T T T T T T T
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Fig. 9. The observed line broadening of the exchange-averaged signal
of V41 H” in A.v. PCu recorded at 500 MHz. The line broadening is
shown for different protein concentrations, ¢, and different molar
fractions, f,, of the oxidized species. The full-drawn line corresponds
to a linear least-squares fit of Eq. (36) to the data shown. The line
broadening depends linearly on fpc, indicating that the slow exchange
condition is fulfilled and that the exchange rate can be obtained from
the linear least-squares fit (kese = 220.4 + 8.9mM~!s™!) (see text).
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Fig. 10. The observed line broadening of the exchange-averaged signal
of H39 H” in A.v. PCu recorded at 500 MHz. The line broadening is
shown for different protein concentrations, ¢, and different molar
fractions, fp,, of the oxidized species. The full-drawn line corresponds
to a linear least-squares fit of Eq. (36) to the data shown. The line
broadening depends linearly on f;c, indicating that the slow exchange
condition is fulfilled and that the exchange rate can be obtained from
the linear least-squares fit (kese = 246 + 17mM~'s™!) (see text).

parameters can be obtained. Still, the first order
approximation corresponding to Eq. (34)

Ry = Ry +fi)kesec (36)

can be used to gain information on the exchange rate,
kese. This holds for the line broadenings of V41 H” and
H39 H*, as shown in Figs. 9 and 10, respectively. In
these cases, a least-squares analysis of the dependence of
the experimental R, rates on cf, using Eq. (36) gives the
electron self-exchange rates, k., of 220.4 +8.9 and
246 + 17mM's7!, respectively, in good agreement with
the results obtained in the complete analysis. Therefore,
in the slow exchange limit where the line broadening
depends linearly on cf,, accurate information about the
exchange rate can be obtained using Eq. (36).

5. Conclusion

The analysis clearly shows that the observation of a
single exchange-averaged signal is not sufficient evidence
for the fulfillment of the fast exchange condition for the
transverse magnetization, Table 3. Thus, using the
simplest approximations will result in paramagnetic re-
laxation enhancements that are non-physical and in-
consistent with the structure, in contrast to the results
obtained from the complete analysis. However, infor-
mation on the exchange rate, ke, and the pseudo-
contact shift, wp, can be obtained if more than one
protein concentration is used, and if second order ap-
proximations of the Bloch—-McConnell equations are
applied instead of the simplest approximate solutions.
Therefore, the simplest approximate solutions of the

Bloch—McConnell equations in the fast exchange regime
should be used only if it is known a priori that the fast
exchange condition is fulfilled. Variation of the exchange
rate, here determined by the protein concentration, can
reveal whether the fast exchange condition is fulfilled.

In the slow exchange regime, accurate information
about the exchange rate can be obtained, if the line
broadening depends linearly on cf, and if no frequency
shifts are observed. Furthermore, reliable pseudo-
contact shifts can be determined, if the signal is close to
the slow exchange regimes, and if second order ap-
proximate solutions are used. However, reliable infor-
mation about the paramagnetic relaxation enhancement
is not available in the slow exchange regime, even if
second order approximations of the Bloch-McConnell
equations are used. In contrast, the general solution
accounts well for the observed line broadening and the
observed frequency shift, independent of the fulfillment
of any approximations, as demonstrated above.

Finally, the complete analysis here shows that a
least-squares analysis of a sufficiently versatile set of
experimental data using the general solution of the
macroscopic Bloch—-McConnell equations allows an ac-
curate determination of all the parameters that describe
a chemically exchanging system. Thus, using plastocy-
anin from Anabaena variabilis and the electron self-ex-
change of this metallo-protein as an example, the
complete analysis provides an accurate determination of
the pseudo-contact shift, wp, and the paramagnetic re-
laxation rates, Ry, and Ry, of the K20 H* and V41 H"
protons of the oxidized form of this protein, as well as
the ESE rate constant.

The high reliability of the parameters obtained in
the complete analysis is demonstrated not only by the
quality of the least-squares fit and the precision of the
obtained parameters. It is also evident from the physical
meaningful Cu’>*-K20 H* and Cu’>*-V41 H"' distances
and the electron relaxation rates that were estimated
from the Rip, and R, relaxation rates. Thus, the ob-
tained distances are in good agreement with the corre-
sponding distances in the NMR solution structure of
A.v. PCu [3]. The apparent disagreement of the esti-
mated electron relaxation rates with the rate obtained
previously [2] can be accounted for by the flexibility of
the protons, especially in the case of the side chain of the
V41 residue in the oxidized form.
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